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1. Introduction

Nieves and Pal [[l] have considered the decay of a Z boson to a photon and a standard
four-dimensional graviton. In the ADD scenario [{],! the graviton may be viewed from a
four-dimensional perspective as gaining a “tower” of massive Kaluza-Klein (KK) excita-
tions [, [l] (this tower takes a relatively simple form if we assume that the extra dimensions
are toroidally compactified with the copies of S! having a common radius R/2m, with R
the common circumference). Although the decays of a Z boson involving real production
of a KK graviton excitation with a photon will be suppressed by a gravitational coupling,
the existence of a “tower” of particles to which the Z boson can decay may counteract this
suppression. Because the KK excitations only couple with gravitational strength to Stan-
dard Model particles, they will almost certainly pass through a detector (their detection is
a next-to-leading-order process in the gravitational coupling). The ADD scenario therefore
predicts that we should see an increase in the decay width of the Z boson to a photon and
missing energy relative to the Standard Model prediction [§—[L].

In this paper, we calculate, to leading order, each of the decay widths of the Z boson to
a photon and a KK graviton excitation. There are two relevant towers of KK excitations:
a spin-2 tower and a spin-0 tower. We combine the calculated widths to obtain an overall
decay width for the decay of a Z boson to a photon and some KK graviton excitation.
This calculated width will allow the determination of bounds on the size of large extra
dimensions when combined with experimental data on Z decay [[2]. (The current upper
limit on the branching ratio for Z7 — v+ X, with X some beyond-Standard Model invisible
particle or particles, is O(107°) [[J]. With a “Giga-Z” collider setup, this could potentially
be reduced to around O(107?).) The amplitudes calculated are also relevant to processes in
other extra dimensional models where the Standard Model fields are confined to a 4-brane
(e.g. the Randall-Sundrum 1 (RS1) model [4]).

Current experimental limits on the size of ADD extra dimensions from processes other
than Z boson decay come from inverse square law experiments [[[§, [Lf], from consideration
of the channel e +e~ — v+ graviton at the LEP experiments [[[7], and from consideration
of the channel p+p — jet+graviton at the Tevatron experiments [[[§, [[J]. In the near future,
the most likely improvement in these experimental bounds should come with the publication
of results from the D@ experiment using Run II of the Tevatron, and combination of those
results with the already published CDF Run II bounds [[I§]. Further into the future, we
can expect investigation of large extra dimensions at the Large Hadron Collider.

For the decays considered in this paper, the leading order process is a one-loop process,
because the tree-level vertex for Z boson decay into a photon and a graviton is absent. This
means that there is a higher order prefactor in coupling constants of the decay width when
this decay mode is compared to other, tree-level, graviton production modes considered
previously [{, fl, B4]. However, there is a large amount of experimental data for Z boson
decay, which makes reasonable a comparison of bounds set by this novel production process
with bounds set by other processes.

!The idea of large extra dimensions was also considered [E,ﬂ] prior to the work of Arkani-Hamed,
Dimopoulos and Dvali.



The tree-level vertex is absent because it is derived by considering a perturbative
expansion of the metric about flat space, so that the Z-y-graviton term comes from a per-
turbation of the Z-vy Lagrangian term, which is zero. (In essence, each vertex involving a
KK graviton excitation is derived by “hanging” a graviton off a propagator or an existing
vertex [R1], PJ.) Because we are working with bare parameters, we are in effect working
with a basis for the electroweak sector in which there is Z-v mixing at one-loop level, but
this will only enter the Lagrangian via counterterm corrections. It is clear that the ampli-
tude calculated will not contain terms associated with Z-y-graviton tree-level mixing, since
we could calculate the amplitude using renormalized parameters instead of counterterms,
whereby we should have explicitly no Z-v-graviton mixing.

At leading order, the decay is either into a spin-2 KK excitation or into a spin-0 KK
excitation (the spin-1 KK excitation does not couple directly to matter [ff]). The spin-
2 case is almost identical to the case of Z boson decay to photon plus graviton without
extra dimensions, which has been considered by Nieves and Pal [l. We repeat in this
paper some of the detail, for sake of completeness. The methodology of the spin-0 case is
strongly motivated by that of the spin-2 case.

In many tree-level decays involving particles with small masses, the contribution to
the decay width of channels involving a spin-0 KK graviton can be ignored, as the ver-
tices involving the spin-0 KK graviton contain the masses of the other particles (and in
some cases also contain momentum terms that are zero on-shell). However, the possibility
of massive particles in the loop means that there is a non-negligible contribution to the
amplitude in the one-loop calculation from the spin-0 decay channel.

For the decays into a spin-2 KK graviton and for the decays into a spin-0 KK graviton,
three types of diagram must be considered. The first two types of diagram are those with
a fermion in the loop and those with a W boson in the loop. (In principle, the second type
of diagram also includes diagrams with Goldstone bosons and Fadeev-Popov ghosts in the
loop, but we adopt the unitary gauge throughout.) A third type of diagram is required
if we are to work using bare parameters, namely the diagrams containing a counterterm.
It will turn out that the counterterm diagrams evaluate to zero, which is why we work
with bare parameters (and not renormalized parameters). The result that these diagrams
evaluate to zero supports the conclusion in [f] that such diagrams need not be considered
in the near-flat Standard Model scenario, and supports what appears to be a “miraculous
cancellation” of divergent terms in the spin-0 KK graviton calculation in this paper.

We also make use of the argument of [ that, in the spin-2 KK graviton case, con-
servation of the electromagnetic current and of the energy-momentum tensor implies a
particular general form taken by the amplitude, which simplifies the calculation. We de-
rive an analogous argument for the spin-0 KK graviton case.

It is possible to estimate the form that the decay width will take prior to a full calcu-
lation. For the decay of a Z boson into a photon and a graviton in 3 + 1-dimensional space,
Nieves and Pal [[l] give the estimate

I ~a?GM3 (1.1)

by dimensional analysis. They derive this estimate by noting that the graviton coupling



introduces into the amplitude a factor of & = v/8rG, where G is Newton’s constant in four
dimensions; they also note that both the Z coupling and the photon coupling introduce into
the amplitude a factor of \/a, where « is the fine-structure constant. (The estimate is then
obtained by noting that the Z mass, M, is the only dimensionful parameter remaining in
the calculation.)

For the calculation in the ADD scenario, the factor oG remains in the width (and
G is still Newton’s constant in four dimensions). However, we sum over the Kaluza-Klein
excitations of the graviton by using an integral approximation over a “density” p [f], and
this density contains a factor R", where R/27 is the radius of the extra dimensions and
n is the number of extra dimensions. The Z mass remains the only other dimensionful
parameter (since we have summed over all KK graviton masses). We therefore obtain the
estimate

[~ a?GR" M. (1.2)

The detailed phenomenology of our more precisely calculated results is covered in
reference [[[2].

The model of toroidal compactification of the extra dimensions with a common com-
pactification radius R/27 is something of a toy model, not least because it does not suggest
a mechanism for confining the Standard Model fields to a 4-brane, as is required for the
ADD scenario. However, the model still deserves phenomenological investigation, firstly be-
cause the calculations involved may be useful for understanding models where the topology
of the compactified dimensions is more complicated, and secondly because the toy model
still gives some indication of the likely consistency of the ADD scenario with experimental
observations.

This paper is organised as follows. In Sections [}, | and [, we state the Feynman
rules required and give the diagrams corresponding to a fermion loop, a W boson loop
and a counterterm, respectively. In Section | we present arguments giving the general
form of the amplitude in each of the spin-2 KK graviton production and the spin-0 KK
graviton production cases. Consideration of the spin-2 case, identically to that derived by
Nieves and Pal [, shows that the amplitude can be expressed in terms of one CP-even
and two CP-odd coefficients. Consideration of the spin-0 case shows that the amplitude
can be expressed in terms of one CP-even and one CP-odd coefficient. We then proceed
in Section [ to calculate the coefficients required for an expression of the amplitudes. In
Section [, we use the expressions for the amplitudes to calculate decay widths for the
individual KK excitation modes, and then sum over these modes (approximating the sum
by an integral [{f]) to obtain an overall decay width.

1.1 General notation

We take Greek indices to range over the four dimensions corresponding to the Standard
Model brane, and Roman indices to range over the n extra (bulk) dimensions.
We work with a metric tensor linearised so that

9rp = Thp + 2’{(]1)\;) + 77>\p¢) (1'3)



(note that this is a hybrid of the notation of [, BJ|, which do not have the extra dimen-
sional dilaton term, and of [ff], which differs by a factor of two). With this definition, the

gravitational coupling x satisfies

k= V8rG, (1.4)

where G is Newton’s constant. The fields generated by the KK reduction may be expanded
in Fourier modes and redefined in terms of massive fields h7 » zzlﬁi and &Z (for the spin-
2, spin-1 and spin-0 cases respectively) [[. (The spin-1 field does not couple directly to
matter and is therefore neglected from now on as a higher order contribution.) 7 is a vector
giving the excitation level in each of the extra dimensions.
We note that at each mass level (i.e. for each distinct value of the excitation vector ),
there are one spin-2 KK graviton excitation iLiL o and n — 1 spin-0 KK graviton excitations
i; to be considered. The n—1 factor comes from noting that the Standard Model particles
couple only to the trace ¢™ of the spin-0 particles, and that one degree of freedom is lost
owing to the linear dependence of the modes qgfj Equivalently, we may note that vertices
involving the spin-0 particles always contain a ¢;; term, and each external spin-0 particle
is accompanied by an extra-dimensional “polarisation tensor” e;;, which satisfies the spin

sum identity [[]
n(n—1)/2

Z eijeiry = %ngﬁ" + %EZL‘/PJ@ ’ (1.5)
s=1
with .
Pjj = bij — % ) (16)
which satisfies
PIPh =Pj,  Pl=n-1, (1.7)

so that when we calculate the modulus-squared of the amplitude, the terms carrying extra

dimensional indices look like
Loi o L oi pi

and, using equation ([.7), this evaluates to n — 1, as expected.
We define the polarisation tensors £°(q), €”(k) and ek (p) as corresponding to the
spin-2 KK graviton excitation, the photon and the Z boson, respectively. The tensors

satisfy
e’ (k)k, =0, (1.9)
ey (P)pp =0, (1.10)
and
E¥(Qar =0,  E¥(q)g, =0. (1.11)

The gravitational polarisation tensor is symmetric and traceless:

EM(q) =EMq),  EM(q)m, =0. (1.12)



The momenta satisfy the on-shell conditions

p* = M3, (1.13)
k=0, (1.14)
¢* =mi, (1.15)

where my is the mass of the KK graviton excited to level #, given for the toroidally
compactified ADD scenario by [ff]

4m2ii?
m2 = R (1.16)
Four-momentum conservation (p = k + ¢) yields the on-shell identity
2k - q =M% —mZ. (1.17)

h)
puv

a spin-2 KK excitation) and F,%) (¢, k) (in the case of decay to a spin-0 KK excitation),
defined by

We introduce notation for the off-shell amplitudes FA( (g, k) (in the case of decay to

MW(q, k) = E¥*(q)e" (k)eh (p) Fin, (a.k) (1.18)
and

MO (q, k) = (k)b (D) F (g, k) | (1.19)

respectively.

2. Fermion loop diagrams

Figure [] contains the diagrams for the Z — ~ + A" process with a fermion in the loop,
and figure [l contains the diagrams for the Z — v + ¢" process with a fermion in the loop.

The Feynman rules for the vertices occurring in the diagrams are given for reference in
figure f]. Their derivation is given in [f, f{]. Some of the tensor contributions to the vertex
factors are abbreviated for legibility; the abbreviations used are

Cpvo = Mwtpo + Mooy — Maplvo » (2.1)
v (b1, k2) = (k1 - k2)Crppu + Mapkivkag—
— [mwkipkas + magk1ukop — ngukiaka, + (A < p)] ,
Ko (K1, k2) = Crppy — MZCppy

Vap(kt, k2) = i [(Va(k1 + Fk2)p + Vo (k1 + k2)a — 200, (K1 + Ko — 2my)] . (2.4)

We use Q¢ to denote the fermion charge, and have written

Yo =YXy +Y5)5 (2.5)
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(c) (d)
(e) (f)

Figure 1: 1-loop diagrams for the process Z — v + R involving fermions in the loop. The spin-2
KK graviton excitations are represented by the double wavy lines.

Xy and Y; are scalars. We have also defined (as in [ff])

2

=,/——. 2.6
“ 3(n+2) (26)
Writing F§Z£Z and F, P(qubf ) to denote the contributions from the fermion loop diagrams to
the off-shell amplitudes F )(\ZZW and F, ,Sf), respectively, and absorbing constants by defining
(hf) _ ReQrg 1 (nf)
Aokv =9 cos Oy oo (2.7)
and
Fof) = MT(M) (2.8)
Hy 2cos Oy * 7

we may write the contributions to the amplitudes from individual diagrams as

4
T / %Tr 525 = k)3 SV (1, + )S( +0)] (2.9)



(e) ()

Figure 2: 1-loop diagrams for the process Z — v + g?)ﬁ involving fermions in the loop. The spin-0
KK graviton excitations are represented by double straight lines.

Ty =~ / (;Z Tr (3,81 = @)Vap (1 = @) S ()71 S(L+ k)] (2.10)

Tt = —ianpol1, " (p) (2.11)

T = —iar o1, (k) (2.12)

Tt = D% (p)enpn (b, K)o (p) (2.13)

T = DY (1)¢Z e (0, 1)L () (2.14)

(2.15)

and
T$f=) = Zw/ 'l Tr [%S(Z — k). S(1) <§l + §g - 2mf> S+ q)} , (2.16)
(2m)* 4
T = 2w / (j;l)ﬂr {%S(l ~q) ( /- —g - 2mf> S(WS(+ k)} L (@217
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Figure 3: Feynman rules for vertices in fermion loop diagrams. The extra-dimensional indices are

omitted from the vertices involving (52 (each vertex gains a coefficient of §;;). Symbols and tensors

are defined in the main text. Arrows on bosonic lines indicate directions of flow of momenta.

T8 = —3iwlL,, (p), (
Tf;ﬁfﬂ) = —3iwll,, (k), (
Tre =0, (2.
TG = 2w, ME DY (k)L (k) | (

(



where we have written

1 1
Axppur = MpTluw — 577Au77pu - 5"7)\V77p,u (2'23)
(2.24)
and
d*l N
()= [ G TS OSa+ b, (2.25)
and have defined the propagators
i(] +my)
l —my
—ineB
D (p) = — . (2.27)
N i wg | kOEP

for the fermion, photon and Z boson respectively (note that these are different from the
definitions used in [[l). This amounts to a choice of unitary gauge for the electroweak

sector. (We shall later need the propagator for the W boson, which we take to be that for
the Z boson with Mz — Myy.)

3. W loop diagrams

Figure [ contains the diagrams for the Z — v+ A process with a W boson in the loop, and
figure | contains the diagrams for the Z — v+ ¢" process with a W boson in the loop. The
Feynman rules for the vertices occurring in these diagrams additional to the fermionic loop
case are given for reference in figure . Their derivation is given in reference [ff]. Again, we
have abbreviated for legibility some of the tensor contributions to the vertex factors; the
additional abbreviations used are

Nagy(k1, ko, k3) = 115y (k3 — k2)a + ha(k1 — k3)g + nap(ka — k1) , (3.1)
S (K1, k2) = exppy — M Chppy (3.2)
drpapy(k1, k2, k3) = Crpag(k1 — k2)y + Copaw (k3 — k1) g + Crppu (k2 — k3)at+
+ [Mnans (k2 — k3)p + MrgNaw (k3 — k1), +
+ skt — k2)p + (A = p)], (3.3)
Rapuw = 2NagMuw — Napfgy — Mo Mgy »
Rpapur = MpRasup — Mallpsun — MsRpavy — M Lppas — MuLpvas - (3.5)

Writing F'™) and F;(wa) to denote the contributions from the W boson loop diagrams to

Apuv
the off-shell amplitudes F’ )(\ZBW and F,%), respectively, and this time absorbing constants by
defining
hW hW
F)(\plw) = keg cos HWT)(\pW) (3.6)

,10,



Figure 4: 1-loop diagrams for the process Z — v + R involving W bosons in the loop. We note
that once one has defined a convention for charge and momentum flow in the loop, diagrams (a)
and (b) must be treated as distinct.

and

F;Efw) = Keg cos HWT;%W) , (3.7)



Figure 5: 1-loop diagrams for the process Z — v + ¢ involving W bosons in the loop.

we may write the contributions to the amplitudes from individual diagrams as

hW:a d*l or
T)(\pw/ ) == / WNQBM(Z? -1 —p’p)DW (Z)CAWPUT(Z +q, Z)X

x DR(L+ q)Nys, (1 + p, =1 — ¢, —k) DI (1 + p)
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—ig cos Ow Naga(k1, k2, k) —ieNapa(kr, ko, kz)  irc) (ki —k2)
+ + +
Ws A, Ws Zy Ws Zy
kQ k3 k2 k3
ky ky
Wy hy, Wy hy, Wy A,
—ierkdpapy (b1, k2, —k3)  —igcos Owkdypasu(k1, ko, k3)  —iegcos Ow Ragu
+ +
R Wy Ws A,
WOK
%Au % gEﬁ
Bﬁ
Ap ZM W(; W(; (gﬁ
—ieg cos Oy KR pagun 2z'wm7aﬁM5V 0
+ +
W; Z, W;
Wy
Ay
» "
W(; ¢n ZM
0 0

Figure 6: Extra Feynman rules for vertices in diagrams with W boson loops. Additional vertex

functions are defined in the main text.

. a4l
phW:b) _ / —— Nogu(l — k=1 — q,p) D§FF (I — k) ¥

Appv (27)4
_ _ do w By
X Nory (1, =1+ k, —k) Dy (D) exps (L + ¢, ) Dy (L4 q), (3.9)
EW:c) . d*l o .
T/sp;w )= Z/ (2m)? Nagu(l, =t = p,p) Dy (D)dxporv (I + p, =1, —k)Dmf(l +p), (3.10)
ey . [ di . ;
Ty = 2/ depaﬁu(h —1 = k,p) DFE () Nori (1 + ke, =1, —k)DEZ (L + k), (3.11)
T)(\l;:j;:e) = _Dw(p)ckpéu (p, k)x

,13,



dil N -
X / (—Naﬁu(la _l - p,p)DTW (Z)NO'T’Y(Z +p, _l, _p)Dﬁ/ (l + p) ) (312)

2m)4
hW o
T)(\p;u/ ) = _Cgpua(p, k)DZﬁ(k)X
d4l T g
< /WNW(L L= B, R) D O)Nor (L + kL —B)DIF(+ K),  (3.13)
hW: . d4l TO o
TA(W g) _ —iRaguw / WDW (DS or (1 + ¢, )DY (1 +q), (3.14)
4
(hWW:h) d*l s
T)\puu - _R)\paﬁuu/ (27‘(‘)4 DW (l)a (315)
TS = iy pow(p, K)DP (p) R A o ) (3.16)
Apuv Apav D, p) oTus (27‘(‘)4 W( 5 .
hW:j . a d4l or
TS = icZ (0, ) D (8) Rorsy / G D D). (3.17)
and
4
TOW:a) — _9u, N2 A 1~ ) DT DY (1
uv WMy ot (27‘(‘)4 04,3#( ’ p,p) W( ) W( + q)X
X N’yéu(l +p, =l - q, _k)Dg;y(l +p) ) (318)
. d4l o
TV = —2wME s / WNW(J —k,—l—q,p) DT (I — k)x
X Nory (L, =1 + k, —k) DI () D (1 + q) , (3.19)
TOWH = —2wMZn,a D3’ (k)
d4l .
< / e oanll L = kD) Nyl kL =KD+ 8) . (320)
d4l
W:g) . 2 TQ Bo
T;Sg g) — _2ZWMWTIUTROZ,6HV / WDW (Z)DW (l + q) s (321)
. , N A A
TV = i MEn0Rors, DS () / o D0 (3.22)

we have omitted a number of lines corresponding to diagrams involving ¢" production that
evaluate to zero.

4. Counterterm diagrams

Because we are working at one loop using bare parameters, we must consider corrections
that arise from a Standard Model Z-v mixing counterterm. It will turn out that such terms
give a zero contribution (and this is why we work with bare parameters), and it is sufficient
just to consider the general form that such terms take in order to demonstrate this.
Figure [ contains the diagrams for the Z — v + h™ process that have a counterterm,
and figure § contains the diagrams for the Z — 7+<;~5ﬁ process that have a counterterm. We
may divide the diagrams into two classes: those containing a two-point counterterm vertex
and those containing a three-point counterterm vertex. The two-point counterterm vertex

- 14 —
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Figure 7: Diagrams for the process Z — v + A" involving counterterm vertices.
WVW<
(a) (b)
vvvw——-<
()

Figure 8: Diagrams for the process Z — v 4 ¢ involving counterterm vertices.

is the Z-v mixing counterterm that occurs in the Standard Model if one uses the tree-level
diagonalization of the electroweak mixing matrix for one-loop calculations. The three-point
counterterm vertex arises by considering the gravitational perturbation expansion about
the Lagrangian term corresponding to the two-point counterterm vertex.

To derive the Feynman rules for the counterterm vertices in this regime, we need to

,15,



consider the Lagrangian Z-y counterterm that arises from one-loop renormalization in the
Standard Model [2J]. The relevant terms in the bare Standard Model Lagrangian may be
written as

1 1 1
Loz, = —izu(—nﬂ"a2 + 910" Z, — §AM(—n"”82 + ')A, + §M§Z,m“”2y, (4.1)

and applying the renormalization

Z,— 227, + Z A, (4.2)
Ay — 227, + 7 A,, (4.3)

M2 — M2+ 6M2,
we obtain a mixing counterterm in the Lagrangian, which may be written
Ly, = (Z;/ZQZ” 24727 W) [0, 210, AY — 1, 0% Z1 00 A”] +
+ (M3 +6M2) 22 22, 2P AV (4.5)

We may read off from this that the Feynman rule for the two-point Z-v counterterm vertex
with momentum k passing through is [BJ]

(n,w - %) [(M% + M) (Z;/ZQZW> y» ( 72712 ¢ ZWZ;/j)] +

Bl Toagg v ong) (235233)).
(4.6)
We write this contribution in the form
A(k)nuw + Bkyk, (4.7)
where
A(k) = (M2 + 6M2) 2Y2 2% — i ( Z27Y2 Zl/zzi@ (4.8)
and
B =2/, 2)/3 + Zi; 213 (4.9)

For the three-point vertices, we must consider the gravitational coupling expansion of the
metric. We may write the O(k) term of the expanded Lagrangian as [f]

L, = —ISJZ/C#%' (iL’\p’ﬁTAp + w&ﬁTAA> , (4.10)

where

, (4.11)
g=n

oL
Typ = < 77>\p£ + 25 )\p>

,16,
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Figure 9: Extra Feynman rules for counterterm vertices. Abbreviations are defined in the main
text.

and we have replaced Minkowski metric terms 7, in the Lagrangian with the perturbed
metric g,,,. We find that the Z-v mixing terms in the energy-momentum tensor are

T = (F2203 4 227 Do 299 A” — iag, T, — P 240, A~
- nupn,,ABO‘Z“GaA” - nMVBAZ“GpA” - nMVGpZ“G,\A”—i—
00y ZH 0, A + 10y ZHONAY 4 1, 002V 0, A + 100,210, A”] +

+ (MZ + 8M2) Z,)7 2/ uxtipw + Moo — g ZPA” (4.12)
with trace
T = — 2 (M3 + 0M2) ZY2 2}/ 20, 2" AY . (4.13)

This yields a Feynman rule for the vertex Z#(p)A” (k)b 7 (q) of
1/2 ,,1/2 1/2 ,,1/2 1/2 ,,1/2
-k <ZZ/ZZZ/A + ZA/Z ZA/A> Capur (D, k) — K (M% + 5M§) ZZ/ZZZ/ACWAP’ (4.14)

where Cp», and ¢y (p, k) are defined in equations (2.1]) and (R.9) respectively, and a
Feynman rule for the vertex Z*(p)AY(k)¢™(q) of

2wr (M3 + 6M2) ZY2 7} 2 (4.15)

We note for future reference that the form of the Z-y-h™ vertex is such that there is no
term in which there are four momenta all carrying Lorentz indices (this will be important
in showing that the counterterms give no contribution to the amplitude).

The additional Feynman rules are summarized in figure .
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With these Feynman rules, and writing F )(\];:3 and F, ﬁfx) to denote the contributions
from the counterterm diagrams to the off-shell amplitudes F' )(\ZZW and Fﬁf), respectively, we
may write the contributions from individual diagrams to the amplitudes as

FI = kef, o (0, ) D () [A(K)ng, + Bhsk,) (4.16)

Fygn =i | (245243 + ZY5233) a0, 0) + (M3 + 0M3) 25 2,/ 3C o | . (417)

Fy? = kiexppn (0, K) D (p) [A(0) o + Bpypal (4.18)
and

F{0) = 2whiua M3 D3 (k) [A(k)ng, + Bkgky) (4.19)

FO* = —2iwnr (ME +6ME) Z3 7 2,/ st (4.20)

F{$%9) = 0. (4.21)

5. General forms of the amplitudes

We now derive general forms that must be taken by the amplitudes we are calculating;
these forms allow simplification of the calculation. The argument for the decay involving a
spin-2 graviton excitation is that of Nieves and Pal [l]; the argument for the decay involving
a spin-0 graviton excitation is essentially the first part of the argument for the spin-2 case,
and is given first as it is more straightforward.

The arguments rely upon Ward-Takahashi identities that are consequences of electro-
magnetic and gravitational gauge invariance. This gauge invariance can be seen relatively
easily for each of the sets of fermion loop diagrams, W loop diagrams and counterterm
diagrams separately, using the arguments contained in Sections 3.3, 3.4, 4.3 and 4.4 of
reference [, and by direct calculation in the case of the counterterm diagrams.

5.1 Decay into spin-0 excitation and photon

Electromagnetic gauge invariance implies conservation of the electromagnetic current,

which (transforming to momentum space) gives
K'F{)(q,k) =0. (5.1)

We may expand F, ﬁf) about k = 0, writing

F{9) =19, + kT, , (5.2)

with ’];?V independent of k. Equation (5.1)) then implies that
KT, =0, (5.3)
kT, =0, (5.4)

and since this is true for all k with |kg| < My in the centre of mass frame and k? = 0, we

can deduce that

7., =0 (5.5)
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and

7L, =-T. . (5.6)

pra pow

This means we may write the on-shell amplitude ([.19) as

MO (g, k) = e () " tuva » (5.7)
where
fva = kvea — kagy (5.8)
and
tuva = —tuaw - (5.9)

Recalling equations ([.9) and (.14) (¢¥(k)k, = 0 and k? = 0), along with the momentum
conservation relation p = k + ¢, and considering terms that could be contained in ., we
see that the only terms contributing to the amplitude are ones not involving a Levi-Civita
tensor, of the form

scalar x e/ (p) (k"™ — k“e"" )My qa — Mpadv) » (5.10)

and ones involving a Levi-Civita tensor, of the form

scalar x ag(p)e”075(ky€5* — ksey) Mo — Mpaly) - (5.11)

Relabelling indices so that the polarisation tensors may be written as common coefficients
of the overall amplitude, we may rewrite the above as

F9 = (kugy — k- q0) FO + (uuasd® k) (5.12)
where F(®) and F1(¢) are Lorentz scalars.

5.2 Decay into spin-2 excitation and photon

The argument in the case of decay involving a spin-2 graviton excitation may be viewed
as an extension of the case involving a spin-0 graviton excitation. It is given in full in
reference ([l for the case of a massless graviton, and is sketched here.

Similarly to the spin-0 case, we may write

FAPMV = 7;\0;);11/ + kalzy)\lpuua ’ (513)

and we may use the condition k" F),,, to deduce that we may write the on-shell amplitude
(1.1§) in the form
MM (g, k) = E2 ()l (0) F*tappvar (5.14)

where f,, is as defined in equation (f.§).
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We may also use gravitational gauge invariance to derive a manner of writing the am-
plitude, in a similar fashion to the way we have used electromagnetic invariance (although
the details are complicated by the extra Lorentz index in the gravitational case).

Writing

MW =X (q)j(a. k), (5.15)
and expanding
rp = 3% + CApe T 44 Fpor » (5.16)

where jg p and j}\ po L€ independent of ¢, we may use the conditions

i =0, ¢, =0 (5.17)
(following from conservation of the energy-momentum tensor) to deduce

3% =0, (5.18)
Jape = 0. (5.19)

In addition, j)z\ por has a number of symmetries arising from its definition (namely A\ < p
symmetry, o <> 7 symmetry and antisymmetry under interchange of either of (X, p) with
either of (o,7)). We also note that no term in the expansion of j)Q\pM contains a gy or g,

term, because such terms vanish on contraction with the gravitational polarisation tensor

(equation ([[.11])). Further, we need not consider terms in ¢, or ¢, since ¢*> = m%,

so such terms reduce to lower order terms in equation (p.14). Combining these properties

and

with the expression for the form of the amplitude obtained from consideration of the
electromagnetic gauge invariance yields a general form of the amplitude that may be written
as

h a h
R = {(kaqu — k- qnun) (k@ — k- @p) P + €300 kK% (ko — k- amp) FY )+

+(kaqy — k- qnuA)Ep,uaﬁqakﬁFz(h)} + (A= p). (5.20)

6. Calculation of the amplitude coefficients

Because the individual sets of diagrams (ones with fermion loops, ones with W boson
loops, and ones with counterterms) separately satisfy the requisite conditions to give a
contribution to the amplitudes matching the given general forms, we can now calculate
these contributions separately. We begin by showing that the contribution to the ampli-
tude from the counterterm diagrams is zero in both the decay involving a spin-2 graviton
excitation and the decay involving a spin-0 graviton excitation. This will mean that the
contributions from the other sets of diagrams must be finite, and so we should not be
surprised when we see a “miraculous” cancellation of divergences in the case of decay to
a spin-0 graviton excitation. Indeed, we note that as we have not made any particular
assumptions about the number of fermions, we know that there cannot be a cancellation of
infinities between the fermion loop diagrams and the W boson loop diagrams. This means
that the contribution from each of the individual sets of diagrams must be finite.
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6.1 Counterterm diagrams contribution
6.1.1 Spin-2 case

We note that there are no Levi-Civita tensors in any of the counterterm-containing dia-
grams that contribute to the decay amplitude in the spin-2 graviton excitation case (equa-
tions ({.16) to (.1§)). The diagrams therefore give no contribution to either Fl(h) or Fz(h),
and we need only consider the contribution to F(").

To consider the contribution to F") we need consider only one of the terms of which
it is a coefficient, and (as in []) we choose the term F' (h)kxkpquqy (noting that this term

appears twice in the expression given in equation (p.2()). Equation ([L.1() implies that

ey () = —e5(P)ap (6.1)

so that terms requiring consideration also arise from terms of the form kyk,k,q, .

For diagram (a), we note that the contribution has an overall coefficient of k,, and
therefore does not contribute to the amplitude. For diagram (b), we note that there is no
term containing four momenta with Lorentz indices, so there is no contribution from this
term either. Similarly for diagram (c), once we note that the term with a B coefficient
contains a factor of p, so provides no contribution to the amplitude, we can see that there
is no remaining term with four Lorentz index-carrying momenta. The contribution to F(*)
from the counterterm diagrams is therefore zero.

6.1.2 Spin-0 case

We note that, as in the spin-2 case, there are no Levi-Civita tensors in any of the
counterterm-containing diagrams that contribute to the decay amplitude in the spin-0
graviton excitation case (equations ([L.19) to ({.21))). The diagrams therefore give no con-
tribution to F1(¢), and we need only consider the contribution to F(®).

Similarly to the spin-2 case, we need consider only one of the terms of which F(®) is
a coefficient, and we choose the term k,q,. In this case, the term is not repeated in the
expression for the general form of the amplitude. Again, equation ([[.1() implies that terms
requiring consideration also arise from terms of the form g¢,gq,.

It is sufficient for the counterterm diagrams to note that no diagram expression depends
upon the momentum ¢ of the spin-0 particle, so that there is no contribution from the
counterterms to the amplitude.

6.2 Loop diagram contributions to the spin-2 amplitude coefficients

We shall see that there are no Levi-Civita terms to be considered, so that the contributions
to F, 1(h) and Fz(h) are zero. In considering contributions to F(")| we shall again look at terms
of the form kxk,q.q, (or kxkpkuqy).

6.2.1 Fermion loop diagrams

The determination of the contribution from diagrams containing fermion loops is very
similar to the massless case considered in [[l].
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With respect to the contributions to Fl(h) and Fz(h), we note that for diagrams (c), (d),
(e) and (f), any term with a Levi-Civita tensor also has a metric tensor symmetric in two
of the indices of the Levi-Civita tensor, so that there is no contribution from any of these
diagrams.

With respect to the contributions to F(®), we note that none of diagrams (c), (d), (e)
and (f) contributes a term of the relevant form: this is straightforward to see for diagrams
(c) and (d), which only depend upon p and k respectively; it is relatively easy to see
for diagrams (e) and (f) if one uses the definitions of cy,s,(p, k) and C)Z\puoc(p’ k) given in
equations (2.9) and (R.3), respectively.

It is therefore necessary only to consider contributions from diagrams (a) and (b). The
contributions from diagrams (a) and (b) may be written in the form

gy _ [ LT [0 = B mp) (L mp) (] + g+ my)]
Ty o /(271)4 [(l— k)2 —m } [(H—q) f] (l2 —m?) ’ (6.2)
T)(\Z;J:;/b) _ / (d4l LT [Yu(l — ¢+ mp) (I +mp)yv (] + K +my)) (6.3)

200 4k -] [(1— @ = m3] (2 - m)

As in reference [l we can use the cyclic property of the trace and charge conjugation
relations
CTgrC = —#T,  C7liySC = (v9%)" (6.4)

to write the sum of these terms as

a d4l (1
TA(Z’];/) T)(‘Z’{Vb = / k)2 2 Do (2) 21 (72 2\’ (6.:5)
—mf] [(l—l—q) —mf] (l —mf>

where

f)xp;w(l) = lpTr [r)/,u(l - k + mf)%/(l + mf)ryk(l + % + mf)] . (6'6)

As the trace does not contain a 75 term, the contribution to the amplitude will not contain
a Levi-Civita tensor, and so the contributions to Fl(h) and Fz(h) are zero. A Feynman
parameterization yields

4 lm

(hfia) | p(hfb) _ dl Do+ 2k — yq)
mf—l—y(l—x—y)mﬁ—i—xyMZ

(6.7)

and considering only the terms we have previously noted, there are no divergences to be
considered and we can integrate with respect to the loop momentum, obtaining a contri-
bution to F) from each fermion in the theory of

phf) — R 5 x M )

272 cos Oy QsXyJ(my,mz, Mz), (6.8)
where . . 2 )
- y(l—x—y

J(X,Y,Z) = d d . 6.9

xvz)= [ [ am (69)
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6.2.2 W loop diagrams

The determination of contributions from diagrams containing W boson loops is also very
similar to the massless case considered in [[l].

There are no Levi-Civita terms in the individual diagram contributions, so the overall
contributions to Fl(h) and FQ(h) are zero. We need therefore only consider the k)k,q,q,-like
terms to obtain a contribution to the coefficient F).

The contributions from diagrams (g) and (h) have no dependence on k, so cannot take
the form we are considering, and therefore may be ignored. Similarly to the fermion case,
the forms of cypan(p, k) and cfpua(p, k), given in equations (P.2) and (B.3), respectively,

(hW:e) (hW:i) (hW:f) (hW:j)
T)\p,ul/ + T)\p,ul/ and T)\p;w + T)\p,ul/
contributions to the coefficient F® (see [I] for more details). Expanding the expressions

are such that the combinations contain no relevant

for diagrams (c) and (d), we see that no terms in the expressions contain a g, term, so these
diagrams provide no relevant contribution. We are therefore left with only the contributions
from diagrams (a) and (b). The contributions from these diagrams are equal: this may

be seen by applying a change of variable in one of the integrands in the expressions for

T(hW:a) and T(hW:b)
Appv Appv

obtained from the diagrams are independent of the direction in which the W boson loop is

, or perhaps more straightforwardly by observing that the contributions

traversed.
It may be shown after some manipulation [ that the contribution from diagram (b)

is contained in the equation

2
RW:b ) M
T,sp;w )= 8ikakpqyqy (6 - M—QZ> X
w

4 1 1-z 2,01 — o —
X /d—l4/ dx/ dy vyl -z =y) 3+
(2m)* Jo 0 (12— M+ y(1 — 2z — y)m2 + ayMZ]

+ non-contributing terms, (6.10)

and therefore, after performing the integration over the loop momentum, that the overall
contribution from the W boson loop diagrams to the coefficient F(") is

Kkeg cos 0 M2
FW) _ 947T2 W (6 — MQZ> J(Myy,mz, Mz), (6.11)
w

where J(X,Y, Z) is defined in equation (6.9).

6.3 Overall contribution to the spin-2 amplitude coefficients

We have determined so far that the coefficients F, 1(h) and Fz(h) are zero. We have determined
also that the coefficient F") is given by

iy _ _Keg
472 cos Oy
X COS29W 6—; J(Mw,mﬁ,MZ)—2ZQfoJ(mf,mﬁ,MZ)
cos? Oy

!
(6.12)
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To proceed, we approximate the analytically intractable integrals of the form
J(X,Y,Z). We note that all the integrals in which we are interested take the form
J(X,mgz, Mz), and since the mass of the Kaluza-Klein mode is constrained by mz < My,
we may consider the integral only in the cases where 0 <Y < Z.

We consider the expression for J(X,Y, Z) given in equation (.9), and repeated here
for convenience:

! o ?y(l -z —y)
J(X,Y,Z)—/O dx/o dyX2—y(1—x—y)Y2—xyZ2' (6.13)
We note that over the range of integration, the maximum value of the expression xy is
1/4, and the maximum value of the expression y(1 — z — y) is also 1/4. This allows us
to consider two limiting cases for approximation of the integral: X/(Y + Z) > 1/4 and
X/(Y + Z) < 1/4. With the constraint 0 < Y < Z, it is sufficient to consider the cases
X/Z>1/2 and X/Z < 1/4.
To evaluate the case X/Z > 1/2, we may approximate the integral by J(X,0,0), which
is relatively straightforward to calculate, and yields the result

1
J(X,0,0) = —— . 6.14
(X,0,0) 360X2 (6.14)
To evaluate the case X/Z < 1/2, we may approximate the integral by J(0,Y, Z). We
may change the order of integration so as to perform the z integral first; this is possible
analytically. We obtain an integral polynomial in (1 —y) that we can evaluate analytically.
Evaluating this integral, we obtain

1 Z? Y272 Y472 Y2
J(0,Y,Z) = - log (= ). (6.15
OY.2) =z vy stz —vep tazm v T az - v % <22> (6.15)

To proceed, we use the identity

= -1 (6.16)

to eliminate all terms with a B? numerator, as well as the identity

2 2 _ 32
log (%) = log (1 - CTB> , (6.17)

and expand the logarithm term (the expansion is valid for 0 < Y < Z, and the final answer

turns out to be valid for Y = 0 as well). We obtain

1
G+DE+2)G+3)

J(,Y,Z) = —% > Z7(z% —y?)yit, (6.18)

J=1

We now return to our expression for F(®) given in equation (b.13). We approximate
the integrals by using the form of equation (6.14) for J (M, mjz, Mz) and J(m¢, msz, Mz),
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and the form of equation (f.1§) for the integrals relating to fermions other than the top
quark. This gives

1 1
poy__reg [ (o 1
472 cos Oy M2 | 360 cos? Oy, +

40 e m2\’
+ 5—— 29 1— M _
< s W> Z (j+2)( J+3)(J+4)< M%)

=0

MZ (1 2 .,
S22 gin%g 6.19
m? <180 135" Wﬂ (6.19)

(where we have used that My = Mz cosfy ). Using e = gsinfy and sin? Oy = 0.23,

along with a numerical value for Mz /m; [, we obtain the approximation

o

FO) = " 10030 1 4.6 3 ! (1 m%)J (6.20)
w2 My | T\ Z G20 +3)0 +4) M ' '

This approximation agrees with that given in reference [} in the case mj = 0.

6.4 Loop diagram contributions to the spin-0 amplitude coefficients

As in the spin-2 case, we shall see that there are no Levi-Civita terms to be considered,
so that the contributions to F1(¢) are zero. In considering contributions to F(®) we shall
again look at terms of the form k,q,.

6.4.1 Fermion loop diagrams

The contributions from diagrams (d) and (f) are zero, since the contributions only depend
upon k, so they are not of a form to contribute to F(®) and symmetry considerations show
that they do not contribute to Fl(d)). A similar argument shows that diagram (c), which
depends only upon p, does not contribute to either of the coefficients.

As diagram (e) trivially gives a zero contribution, it follows that it is necessary only
to consider contributions from diagrams (a) and (b).

The methodology employed is very similar to that of the spin-2 case, developed in [If.
We begin by writing out expressions for the fermion propagators, so that we may write the
contributions as

T6f:a) _ _%w/ Al T [ (= K+ my) v (L +my) (31 + 34 —2my) (I + ¢+ my)]
m (2m)? [(z +q)2— m?] [( k)2 — ﬂ [12 _ mﬂ

)

(6.21)

65D _ _in/ d'l Te[5, (J —g+my) (GF - 3 = 2my) ([ +mg) v (/ + E+my)]
: e (02 = md] [<l — 02— 2 = m]

(6.22)

For the second integral, we change the integration parameter to —I, and apply the cyclic
property of the trace, the trace-reversal invariance of strings of gamma matrices, the in-
variance of transposing matrices inside the trace, in addition to the charge conjugation

,25,



properties of the matrices. We are able to obtain a term in Y} that cancels with the cor-
responding term in the first integral (so that there is no Levi-Civita term and therefore
no contribution to Fl((b)), and a term in Xy equal to the corresponding term in the first
integral. We are therefore able to write

d?l f;w(l)
2m )t [(l — k)2 - mfv] [U +a)* - mﬂ [lQ - mﬂ |

T 1 T/ = —giwX; / ( (6.23)

where
e =T 3 (a4 m) (314 30 =2 ) (1 m) 2 (7= Kmy)] . 02

Applying a Feynman parameterization and continuing to D dimensions, the equation be-
comes

T 4 TG = _8iX D) (6.25)

aPr ot 1= fu(L+ 2k — yq)
Xhﬁ%“ﬂdm P

5 -
—m}—i—y(l—x—y)m%%—xyM%

We are interested in terms that will contribute to the coefficient of k,q,. We may use the
symmetry properties of the [ integral to discard terms that are odd in [, and to replace

1
lalg — —Nasl?, 6.26
5= pllap (6.26)

1 2\ 2
lalﬁlylé - m (7704,6’7775 + TNlay 38 + 77a6775’y) (l ) (6'27)
(see for example page 477 of reference [B]). We find [P4] that the term in the numerator
of the integral containing k,q, may be written as

kuaq, [3M%xy (2 — 3z — 6y + 4zy + 4y2) + 3m%y (1—x—1y) (1 — 3z — 4y + day + 4y2) +
+m7 (5 — 3z — 20y + 20zy + 20y°) +
2

+312 ((—1 +x+ 4y — 4oy — 4y2) + D (—1+ 3z + 8y — 8zy — 8y2)>] . (6.28)

We note that the integral appears to have a divergent term. However, it will turn out that
the coefficient of the divergent term is zero after integration over the Feynman parameters.

It is possible, although not entirely straightforward, to evaluate the integral with the
numerator given above. In order to do so, we adopt the following strategy:

e Perform the integrations over the loop momentum [. For the numerator terms not
containing factors of I, we use the standard result. For the numerator terms con-
taining factors of [, we use the results given in Appendix [A]. We obtain a result that
appears to diverge as D — 4.
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e Order the Feynman parameter integration so as to perform the x integral first.

e Perform the x and y integration for the coefficients of the terms that appear to be
D — 4 divergent. (These are also the coefficients of v and log(47) “MS-like” terms,
which we therefore consider at the same time.) The terms vanish.

e To simplify the algebra, rewrite the numerator of the 1/[m?c —y(1—x —y)mf7 —xyM?2]
term to eliminate terms with numerator coefficients involving m?. (Note that doing
this before approximating the integral in the way done below makes no difference
when making the light fermion approximation given, and is in fact equivalent to
including an extra term in the series expansion for the fraction when making the

heavy fermion approximation given.)

e At this stage, there are terms in the integrand that do not contain masses (these
arise from the step above, and from the “anomalous” terms arising from the loop
integration that looks like equation ([A.1])). Integrate these terms with respect to the
Feynman parameters.

e Integrate the logarithmic term with respect to x by parts, obtaining a contribution
to the 1/[m3£ —y(l—z—y)m2 — zyM2%] term and a logarithmic term to be integrated
with respect to y only.

e Integrate the remaining logarithmic term with respect to y by parts. One of the re-
sultant terms is zero. Approximate the denominator of the other term by considering
the cases mfc < M2/4 (in which case take mfc =0) and m?c > M2/4 (in which case
take M2 = 0).

e In order to perform the remaining integral (the integrand has a denominator of
[m? —y(l—x— y)m% — 2yM32]), approximate the denominator of the integrand by
considering the cases m?c < M2 /4 (in which case take m?c =0) and m% > M2/2 (in
which case take M % =0, m% = 0). The latter approximation leads to a relatively
straightforward integral. For the former approximation, the integral may be evalu-
ated by considering the numerator and denominator as polynomials in x, and writing

the integrand in quotient+remainder form.

Following this strategy, we obtain that for each fermion, the contribution to the amplitude
coefficient F(%) is

for mfc < %M%,

FOH =¢ 2 112 (6.29)
8 1 TmZ+11M 2 12,2
_(47T)fz §+4—5TZ for mf > §MZ'

6.4.2 W loop diagrams

There are no Levi-Civita terms in the individual diagram contributions, so the overall
contribution to Fl(d)) is zero. We need therefore only consider the k,q,-like terms to obtain
a contribution to the coefficient F(®).
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The contributions from diagrams (f) and (j) are zero, since the contributions only
depend upon k, and therefore do not yield a term of the form we are considering.

With the exception of diagrams (a), (b) and (g), the other diagrams trivially give a
zero contribution. We need to consider the contributions from each of diagrams (a), (b)
and (g).

We begin by considering the contributions from diagrams (a) and (b). These diagrams
yield an identical contribution. We may see this through consideration of the integral
that contributes to T,%W:b), given in equation () If we take this integral, change the

integration parameter taking [ — —[ — ¢, relabel the dummy suffices and note that
Dy (1) = D (=) (6.30)
and

Nagy(k1, ko, k3) = —Naan (K2, i, ks) | (6.31)

we are able to obtain the expression for T, ;SquW:a). We can therefore obtain the contribution
from both diagrams by considering the form of the contribution from one of the diagrams,

and we choose diagram (b). We write the contribution in the form

. . 4iw d*l S (D)
TW:a) | p(eWb) _ / v . (6.32
s K Mg, ) @m)* [ - k)2 — M2 [(1+ q)? — ME/] [12 — M3, (6:32)

where
S (1) = Miynys Nagu(l — ky =1 — ¢, ) Nyry (1, =1 + k, —k) x

" (_nm U k?\(;élv—k)T> (_,'760 . ;\‘;%‘;) <_nﬁv+ (l+q3\jélv+ Q)'y>_

(6.33)

Applying a Feynman parameterization and continuing to D dimensions, the equation be-

comes

. . 8w _
T@W) 4 W) M_Qlu(4 D)
w

le 1 11—z 5 l Lk —
X/—D/dx/ dy Sl 2k =y 3
2m)P Jo 0 (12— M2, +y(1 — 2 — y)m2 + ayM3|

(6.34)

We leave the equation in this form for now, and turn to the contribution from diagram
(g). Unlike the corresponding diagram for spin-2 particle decay, this diagram provides a
contribution to the amplitude coefficient. We write this contribution in the form

) 2iw U, (1)
TWe = u , (6.35)
8 M [ = My ] [+ q)? — M
where
TQ e o l+qﬁl+qa
Uﬂu(l) = M‘L}VHO'TRO{[;,LU/ <_77 + M—2> <—776 + ( 3\4(2 ) . (6.36)
w w
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We wish to combine this contribution with that for diagrams (a) and (b), so we write it in

the form
. 2 2
Hy Mg, ) 2m)*[12 — ME ] [(L+q)? — ME] [(1 - k)? — M3,]
Applying a Feynman parameterization and continuing to D dimensions, the equation be-
comes
4iw
T(oW:g) _ _M(4*D)X
1224 MI%V

dP1 1d 1—md Uw(l + 2k — yq) [(l—{—(:ﬂ— Dk — yq)? —M‘%V}
></(27T)D/ x/ T Mgty gyt agMZ]”
o Jo [ 2yl —z—y)m2 +ayMZ]
(6.38)

We may now combine the contributions from diagrams (a), (b) and (g). Using the symmetry

properties of the [ integral given in equations (6.26) and (6.27), and taking a factor of
4iw/ME, outside the integral, we find [B4] that the term in the numerator of the integrand
containing k,q, may be written as

Ky [Mé <2wy2 — 2zy° — %wa -z’ + %w3y — w3y2> +

+ m%M% <2y2 — 4y + 2yt — 3wy® + 3ay® + 2%y —

—;x2y2 4222 — 2y + 2x3y2> i

+mi (—my2 +2xy® — oyt — %x2y 4 gx2y2 — 223 %x?’y _ x3y2> 4
+ M2 M2 (—2 + 4y — 6y% — 2z + 22y + %xQ — 5x2y> +
+ M‘%Vm% <—5xy + 5xy2 — %xQ + 5x2y> +
+ My, (12 + 8y — 8y® — 4o — 8wy + D (—8y + 8y* + 8xy)) +
+ ZQ{M% <<—2 + 2% + 22 4 zy — %xQ + 2x2y> +

2
+

(2—4y+4y2—|—x+xy—x2+4x2y)>—|—
2 2, 1 o 2

—|—mﬁ< 2xy — 2xy —|—§x — 2z y)—l—
+ (—y+y2—x+5xy—4xy2—|—x2—4x2y)>—i—

+ ME,

— Ol

(4+5z) + % (—12+ 5x)> }
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+ (l2)2{—x+%(1—2x)}]. (6.39)

We evaluate this integral using a similar strategy to that for the fermion loop case. To

simplify the algebra, we rewrite the numerators of some fractional terms in order to ob-

tain fewer terms requiring the application of approximations. Subdominant terms will be

affected by the order in which rewriting a numerator and approximating the denominator

is performed. However, this effect will be negligible at the order of the approximations

made to the fractions themselves. Nevertheless, we record the order in which we proceed

through the algebra, so that it is possible to reproduce the result.

The strategy adopted is as follows:

Perform the integrations over the loop momentum [. As in the fermion case, for the
numerator terms not containing factors of I, we use the standard result, and for the
numerator terms containing factors of [, we use the results given in Appendix [A].
Again we obtain a result that, at first, appears to diverge as D — 4.

Order the Feynman parameter integration so as to perform the z integral first.

Perform the x and y integration for the coefficients of the terms that appear to be
D — 4 divergent (and of the terms that are “M S-like”). The terms vanish.

Rewrite the numerator of the 1/ [M3, — y(1 —  — y)mZ — xyMZ%] term to eliminate
terms with numerator coefficients involving M2, (as in the fermionic case, when taken
with the approximation for the denominator below this is equivalent to adding higher

order corrections in the series expansion for the fraction).
Integrate the terms that are non-fractional and do not contain a logarithm.

Integrate the logarithmic term with respect to x by parts, obtaining a contribution to
the 1/ [MI%V —y(l—x— y)mf7 - xyM%] term and a logarithmic term to be integrated
with respect to y only. Rewrite the numerator of the fraction to eliminate terms with

. L . 2
coefficients involving My, .

Integrate the remaining logarithmic term with respect to y by parts. The only term
that results is an integral with fractional integrand. This term can be integrated if we
approximate the denominator by M‘%V (Note that the result below does not involve
rewriting the numerator term with M‘%V coefficient for this term only.)

Perform the remaining double integral by approximating the denominator of the
fractional integrand by MI%V

Following this strategy, we find that the contribution from the W boson loop diagrams to
the coefficient F(®) is

FOW) — Keg cos HWL 14 4+

Umg 3TMj 19 my 1 miMy 3 My
4 4
(47)2 15 M%,  15M3, 210 ML, 210 M, 20 z\4(%,40)
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6.5 Overall contribution to the spin-0 amplitude coefficients

FO©)

We have determined so far that the coefficient is zero. We have also determined that

the coefficient F(®) is given by

e -
15 M2, 15 MZ 210 My, 210 M, 20 M,
ﬂthg wX; [8 1 7mf7 + 11M%
 2cos Oy (47)2 '

2 2 4 2 2 4
F(d)) _ [{egcosaw( w) |:14 11 mﬁ 37 MZ 19 mﬁ 1 mﬁMZ 3 MZ:| _

Bl 6.41
3 45 m? (6.41)

Substituting a value for @Q;X; (and including the colour degrees of freedom), this becomes
o [ Mimd STME 19 mb 1 omdME 8 M)
(47)2 15 M3, 15 M3, 210 M{ 210 ME 20 My,

Keg w 8 ., 8 1 7Tmi+11M3%
- _he 1- Ssin?Oy ) |04 — BT T2 6.42
2 cos Oy (4m)? < 3" W> [3 * 45 m? ’ (6.42)

F) = keg cos Oy

and using My = My cosby, e = gsinfy and sin® @y = 0.23, along with a numerical
value for Myz/m; [R5, we obtain the approximation

I<L€2u)

2 4
F©@) = [18 + 170 g, 28—] (6.43)

M2 M}
7. Calculation of the decay width

7.1 Decays involving spin-2 Kaluza-Klein particles

For the decay to a spin-2 KK excitation, the matrix element is given by

MP) = X%(q)e* (k)ely (D) D) [(kagy — k- amun) (ko — - qmiup) + (A = p)] . (T.1)

To obtain the square of the matrix element, we need the polarisation sum formulae

o 1 r g o Pq”
§ : Apk )\ AN
£ )_5 (77 m? 77pp_mQ *
7 i

pol
Ao N _p
FqNqg oo q
n s
2( v PP\ vy ¢
Sy g - S - 7.2
3 <?7 m2 n 2 , (7.2)
> e (k) (k) = = (7.3)
pol
» o prpt
> )l (o) = = + SVER (7.4)
pol “

(we note that the formula for the gravitational polarisation sum [[d, Rg] differs from the
massless case presented in [l]]). This gives [P4]

2 2 (M2 —m2)* (TM2 + 3m2
‘M(h)‘ _ ‘F(h)‘ <( Z n:)))GJE@ Z n)> ‘ (7.5)
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We note that as mz — 0, we recover the expression obtained for the case of decay to a
massless graviton [fl], save that using the massive gravitational polarisation spin sum causes

a difference by a factor of 7/2 from using the massless gravitational polarisation spin sum.
The decay width T to a single spin-2 KK mode is given by

* 2
ki) L/‘Mm)‘ a9,
3272 M2
where

(7.6)

1
P =g, Mz —ma). (77)
This gives

B} 1
Z

F® (2 (7.8)

Substituting the expression for F(®) obtained in equation (6-20), and recalling that o =
e? /4 and k = V/87G, we obtain
5
it 2 2
727‘1’2 — Mg) (7MZ + 3mﬁ) X

[e.e]

1 m2\’
x [0.00088 + 0.27 : . : 1——2) |+
S+ 3G+ ( M%)
o [oe)

1 m2\
= ;; (1 +2)(i+3)(i +4)(J +2)(J+3)(J +4) (1_ M;>

2 2
F(h’ﬁ) _ « GMZ <1

(7.9)

To obtain the total decay width involving spin-2 graviton excitations, we must sum over

the excitation levels. Following [[f], we make a continuum approximation for the density of

states at a given mass level. Given a common compactification radius R/2m, the density
of states over which we should integrate is

R"m%‘_2
p(mi) = (42T (n)2) (7.10)

that is, the derivative with respect to m% of the volume of a n-dimensional hypersphere of
radius 7 = V712, That is, the total decay width is approximated by

o )
I = / dmZT" p(my) . (7.11)
0

We change the integration variable to m% /M% and expand the resultant beta functions in
terms of gamma functions, obtaining

n QQGM%Jran y
O 722 (4)n/2
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x 10.00088 <

|3

> 1 T-(+5 35 +5)
MR P v ey (fgi T ren)

o0 o0 1
R DO D oy e [T

i=0 j=

<P7-(i—|—j+5)! 3-%-(i+j+5)!> (712)

(5+i+j+6) T(E+i+j+7)

We note that the width tends to zero as n — oo, showing that as the number of dimensions
increases for large n, the phase space increase dominates the increase in the number of KK
states to reduce the decay width.

7.2 Decays involving spin-0 Kaluza-Klein particles
For the decay to a spin-0 KK excitation, the matrix element is given by
MO = (k) (D) PP (kuay — k- qnw) (7.13)
Using equations ([.3) and (4), we obtain [24]
1 2 2
o (Mg —m2)* [P (7.14)

The decay width T(®™ to a single spin-0 KK mode is given by

6 _ ﬁ / ‘ M(¢)(2d9, (7.15)
where, as before,
v = (M3 —m2). (7.16)
2Mz
This gives
6 _ W (M2 — m2)? ‘ F<¢>>‘ (7.17)

Substituting the expression for F(®) obtained in equation (f.43), again using that o = €2 /47
and xk = V871G, and recalling that w? = 2/(3(n + 2)), we obtain

2G
e — @ M2 — m2)°
28872 (n + 2) M3 (M7 = my)"
2 4 6 8
330+63W + 13M4 +097— +0078W (7.18)

,33,



To obtain the total decay width involving spin-0 graviton excitations, we again ap-
proximate by an integral the sum over the excitation levels. Recalling that we have (n —1)
spin-0 particles at each mass level, the total decay width is approximated by

M2
I = /O 7 dmZT@ (n — 1)p(my) . (7.19)

As in the spin-2 case, we change the integration variable to m2 /M 2 and expand the resul-

tant beta functions in terms of gamma functions, obtaining

@) _ QGM3+7LR7L (n _ 1)
08T 48w (4m)/2 (n + 2)

330 632 +13-g (5+1) 097-3-(3+1)-(5+2)
L(5+4) T(5+5 T(3+6) (5 +7)
00783 (5+1)-(54+2)-(5+3)
2 r(g+82) 2 (7.20)

As in the spin-2 case, the decay width tends to zero as n — oco. We note that the width
is zero for n = 1, which we should expect as there are no spin-0 excited states in the case
of one extra dimension. We note also that whilst the width should be zero for n = 0, the
expression above does not give zero for n = 0. However, the extra-dimensional spin sum
identities of equation ([[.§) are only valid for n > 0.

7.3 Overall decay width to photon and Kaluza-Klein graviton excitation

We may now use equations (7.13) and ([7.20) to write down an approximation for the full
decay width at one loop of the Z boson to a photon and a Kaluza-Klein excitation in the
ADD scenario:

B (X2GM%+7LR” y
T 7202 (47r)n/2

75 3.3 5!>+
T(Z+6) T(Z+7)

x 10.00088 <

[e o]

1 7-(j+5)! 3-2-(j+5)
027 jzo(j+2)(j+3)(j+4) (F(%+j+6)+F(z+3+7)>

oo o0 1
Z]Z NG HAG+IG D)

@

7-(i+j+5)! 3-5-(i+j+5)!
D(E+i4+j+6) T(E+i+j+7)

_|_

(n—1) [ 330 63-2 13-2.(241)
{r(g+4)_r(g+5) I'(% +6)
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R Y
L(5+7) (5 +8) '
(7.21)

Two comments about this expression are inherited from the constituent expressions of
equations ([.19) and (F.2(). Firstly, the overall expression does not reduce to the case of

a single, massless graviton for n = 0, because the extra-dimensional spin sum formula in
equation ([[.5) is only valid for n > 1. Secondly, the overall width tends to zero as n — oo,
so that this process becomes less distinguishable from a Standard Model background as
the number of extra dimensions increases.

Tables [l and [ give numerical values? for the contributions inside the square brackets in
equation ([[.21)). It is notable that the contributions from the decays to spin-0 excitations

h numerical approximation
n | h an. approx. full my — 0 | W,t approx.
2| 0.16 0.16 0.16 0.16
3 | 0.056 0.058 | 0.057 0.056
4 1 0.019 0.020 | 0.020 0.019
5 | 0.0066 0.0070 | 0.0069 0.0066
6 | 0.0020 0.0023 | 0.0023 0.0022

Table 1: Numerical values of the k contributions inside the square brackets of equation () for
some different values of n (‘an. approx.” column), and the equivalent values when the contributions
are calculated by numerical integration. The ‘full’ column shows the results of integrating numer-
ically the full expression for the decay width (without making the approximations made in the
analytic case), and is the value with which the analytic expression is compared. The extra columns
show the effect of performing numerical integration under the extra approximations of neglecting
the masses of the fermions other than the top (‘my — 0’ column) and of assuming in addition to
this that the W and top masses dominate the denominators of their respective integrands (‘W,t
approx.” column). The purpose of including such columns is to give an indication of how much
these approximations change the final answer.

are dominant.

In order to estimate the effects of the analytic approximations used for the integral
J(X,Y,Z) in equation (6.9), and for the integrals performed to obtain equations (.29)
and (f.4(), we have evaluated contributions to the decay widths by integrating numerically
over the Feynman parameters and the KK mass-squared m%, using Mathematica. We find a
deviation of approximately 5% between the analytically approximated and the numerically
approximated answers for the decays to spin-2 excitations, and a deviation of less than 1%

2 Aside from the analytically approximated expressions for the ¢ widths, which are calculated by hand,
these are evaluated using Mathematica [E] The infinite sums are evaluated by truncation once the quoted
level of significance has been achieved. The numerical approximations to the integrals are evaluated using
the NIntegrate function with default options, and (for comparison) using a number of other numerical
integration routines @] with their default options.
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q~5 numerical approximation
n (;3 an. approx. | full | my — 0 | W,t approx. | Num. change
2153 5.3 | 5.3 4.4 5.4
3139 4.0 |39 3.3 4.0
4|22 2.2 |22 1.8 2.2
51| 1.0 1.0 | 1.0 0.85 1.1
6 | 0.46 0.46 | 0.46 0.37 0.47

Table 2: Numerical values of the (;3 contributions inside the square brackets of equation ([f.21]) for
some different values of n (‘an. approx.’” column), and the equivalent values when the contributions
are calculated by numerical integration. Again the ‘full’ column gives the values with which those
calculated analytically are compared. The extra columns show the effects of neglecting the masses of
the fermions other than the top (‘ms — 0’ column), of assuming in addition to this that the W and
top masses dominate the denominators of their respective integrands (‘W,t approx.” column), and
of making this assumption but changing the numerators to eliminate M3, as done in the analytic
calculation (‘Num. change’ column; as noted in the text this is equivalent to considering higher
order corrections in the series expansions for the fractions in the integrand).

for the decays to spin-0 excitations.> We have also calculated numerical approximations
subject to the assumptions of zero mass for fermions other than the top, and (additionally
to the previous assumption) of the W and top masses dominating denominators in their
respective integrands. This indicates that the zero fermion mass assumptions are a very
good approximation, but that assuming that the W and top masses are much greater
than half the Z mass yields a poorer, although still acceptable, approximation. It is also
notable that the numerical approximations of the integrals for the decay into ¢ suggest
that the accuracy of the analytic calculation of the width is much improved by rewriting

the numerators of the approximated fractions as we have.

8. Conclusions

We have evaluated amplitudes for Z-photon-Kaluza Klein graviton/gravi-scalar interaction,
relevant to extra dimensional models in which the Standard Model fields are confined to a
4-brane.

In addition, we have evaluated in the ADD scenario a reasonable approximation to
lowest order for the decay width of a Z boson to a photon and any Kaluza-Klein excitation
of the graviton. This width gives an extra contribution to the channel of Z boson decay
to photon plus missing energy compared with the Standard Model. The channel can
provide stronger bounds on the compactification radius R/2m for small numbers n of extra
dimensions.

The consideration of the decay channel involving spin-0 KK excitations (gravi-scalars)
has proved significant: for the decays considered, these channels provide the larger contri-

3The quoted deviations compare the values obtained from analytic approximation with the values ob-
tained from evaluating the full integral numerically using Mathematica’s NIntegrate routine.
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bution to the overall width. The consideration of processes involving the gravi-scalar has
not been common in the literature.

We expect our signal to be most significant when the centre of mass energy is equal
to Mz, as, for example, was the case at LEP. We therefore intend to calculate bounds
upon the compactification radius from LEP data [@], given that the data appear to be
in accordance with Standard Model predictions. Our process would be additional to the
tree-level radiation of a spin-2 KK graviton tower from a photon.

The amplitudes obtained for Z — iL"}/ and Z — q}y could also be used in the calculation
of decays of a RS1 KK mode into a Z boson and a photon. In RS1, the KK mode coupling
is enhanced by a warp factor, making resonant production at colliders and interesting
signature, worthy of study. Although h — vZ and é — ~vZ are loop-induced processes and
are therefore suppressed with respect to other, tree-level decays of a RS1 KK mode, the
channel would be useful for checking the couplings & of the excitations, & la reference [R9].
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A. Dimensional regularization integral identities

We write D = 4 — ¢, and in each case take the limit as € — 0. « is the Euler-Mascheroni
constant. The integrals on the left are in Minkowski space. The methodology used may be
found, for example, in Appendix A.4 of reference [B(].

dP1 12 i 9 X? 1

o | @mP (- X7P  (4n)? [E — 0+ loslidm) —log (?) ) 5] D
a1l 12/D 1 i ]2 X2

H / (2m)P (2 —/X2)3 4y [E ~ v+ logldn) ~ log <7>} 2

arr (12)? i [2 X2\ 1
(4-D) = 3X? Z vt log(dn) —log [ = ) + =
W40 [ e = g 2+ stim) s (7 ) +

(A.3)
B a’1 (1)?*/D  3x2 i [2 X2\ 2
pt / @m)P (z(2 _) )?2)3 =4 (4np [E ~ 7+ log(dm) — log <7> * 5}
(A.4)
- dP1 (12 /(D(D+2) X2 i [2 X2
((4=D) / oL ( )(lé(— ;2)3 ) _ S @) [E — 7 + log(4m) — log <?> + 1}
(A.5)
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